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O-1 Fourier Analysis

I. Fourier Series
1) Basic idea

* to be able to represent a signal as a linear
combination of basic signals

* to take advantage of LTI system properties

2) Fourier series (for a periodic signal)

x(t) — i a e’

k=—0

k=0—>
k=11 >
k=12 >
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 Fourier series property for a real, periodic

x(?)
x(t)=x(2)
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e alternate Fourier series representation

X(t) — i akejk27rf0t
k=—o0
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Xo(t) =1
t
xi) = 1 cos 2wt Xo(t) + X4 (1)
i t
X(t) = cos 4wt Xg(t) + x4(t) + xz(f)
Xa(t) = -— X(1) = xo(t) + x1(t) +xx2(t) + xaz(t)
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3) How to define a, ?
x(t) = ioakejkz”fot

(1) x(t)xe—jZﬁnfot —
(2) Integrate over 1 period to

LTO x(t) e A g —
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4) Example

a) x(n),

-1

b) x(¢)=3cos2t—5cosxt

T

EC2500MPF/FallFY 04

2T



08/20/03 EC2500MPF/FallFY 04



S) Useful Fourier series coefficient properties

x(t) real+even = a,

x(t) real+odd = aq,

x(?) and y(#) periodic with same period T

Property Signal Coefficients
linearity Ax (t) + By (t) Aa, + Bb,
time shift x(t—1,) a,e "
time reversal x(—t) a_,
conjugation X (t) a .

Parseval’s relation:

% L|x(t)|2dt = Zk:|ak|2
x(t) > a,

y(t) < b,
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6) Truncation Fourier series — Gibbs’
phenomenon

xn() xn(t)

/ —T1 0 T1 \ V ‘—T1 0 T1 v
(@ (b)
Xn(t) xn(t)

N=79

T 0 T,
()

Figure. Convergence of the Fourier series representation
as a square wave: an illustration of the Gibbs phenomenon.
Here, we have depicted the finite series approximation

N .
_ Tkt
Xy (t) = Zkz_N a,e for several values of N.
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7) Fourier series convergence

* not all periodic functions can be represented
by Fourier series

I—) need to satisfy Dirichlet’s conditions

(1) x(#) absolutely integrable over a period 7,

(2) x(¢) has bounded variations: no more than

a finite number of maxima or minima over
period 7,

(3) x(z) has a finite number of discontinuities
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Table. Properties of Continuous-Time Fourier Series

Property Section  Periodic Signal Fourier Series Coefficients
x(t) | Periodic with period T and ai
y(t)| fundamental frequency wg = 2w/T by
Linearity 35.1 Ax(t) + By(t) Aa; + Bb, .
Time Shifting 352 x(t = tp) ae~ Rt = g, =KMo
Frequency Shifting e/Mudt = (IMQTTTY () Q-u
Conjugation 3.5.6 x'(t) a’,
Time Reversal 353 x(=1) a-;
Time Scaling 354 x(at), @ > 0 (periodic with period T'/a) ax
Periodic Convolution j x(T)y(t = m)dr Taib;
T
+0
Multiplication 355 x()y(0) > by
[==c
Differentiati husga, = 2T
TViffarantiatinn erentiation Jkaoay = Jk=ay
Integration 1 a; = b a
Differentiat g Tk | = \GkzmiT) |
‘ak = a:k
Refar} = Refa_i}
Differentiation TYiffa Different Ifm{a*} = ~dnfa-i}
1| = la-4|
{ak = -<a;
Real and Even Signals 356 x(7) real and even a, real and even
Real and Odd Signals 356 x(¢) real and odd a, purely imaginary and odd
Even-Odd Decomposition [x.(r) = Sx(} [x(1) real] Refas}
of Real Signals xo(t) = Od{x(®)} [x(r) real] jomiai}
Parseval's Relation for Periodic Signals
1 " +@ ,
z L 0fdr = 3
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8) Fourier series for a discrete-time periodic
signal

* main difference with results obtained for
continuous periodic signals:

I—) signal expressed as a finite series
x[n]:Zak e/ N x|n]=x[n+N]
(V)

a, =
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« Partial Synthesis Issues

x[n]=> a, "N N: period of x[n]
(V)
=2
Example A X[7]
I
_9 211123456789
X[n]
1
vl
-18 -9 -(al. 9 18
X[n] M=2
_ 1lif
> [l
: -(g} 9 18 -
XIn] M=3
M=3
MLMM_, S 1 L |
X[n]
M=4 ””I ”l” ”I” ”I” ””l
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Table. Properties of Discrete-Time Fourier Series

Property  Periodic Signal Fourier Series Coefficients
x[n] ] Periodic with peried N and ay } Periodic with
y(r] | fundamental frequency wy = 2m/N by | period N
Linearity Ax{n] + By[n] Aa, + Bb,
Time Shifting x[n - n) g~ KNy
Frequency Shifting eMCTINN 4 1] By-u
Conjugation x'[n] a,
Time Reversal x[-n] a_g
. , x[n/m), if nis a multiple of m 1 iewed as periodic
Time Scalin = ~a
time Seatag *mln] 0, if n is not a multiple of m m’ *\with period mN
(periodic with period mN')
" Periodic Convolution > xirlyln—1] Nagb,
r=(N)
Multiplication x[n]yln] - Z b
{=(N)
First Difference x[n] - x[n~1] (1 = e~ /k@miNyyg,
. ’ 1 finite valued and periodic only ( 1 \
Running Sum k;ﬁ (Kt G =0 ) Ty )a*‘
7 * Geefas} = Grefa. )
Conjugate Symmetry for x{n] real {Im{ay} = —Imias)
Real Slgﬂals l'akl = la_kl
L{ak = —qa.
Real and Even Signals x[n] real and even a; real and even
Real and Odd Signals x[n] real and odd a;, purely imaginary and odd
Even-Odd Decomposition {x, n] = &{x{n]} [x[n]real] Refa,}
of Real Signals %,[n] = Od{x[n]} [x[n) real] jémiai}
Pa:seval's Relation for Periodic Signals
i 2 |xn] = Z lag?
n=(N)
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I1. Fourier Transform

* Basic idea: to represent a non-periodic
signal

x(t) x(),

7

* Fourier transform: Dirichlet’s conditions

(1) x(z) absolutely integrable

(2) x(7) has a finite number of maxima and minima
within any finite interval

(3) x(¢) has a finite number of discontinuities within
a finite interval
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1) Basic Fourier transform pairs

x(f) X(f)
A1)

sqn (2)

u(?)

AX(D)

> [

T, Sa’ (z fT,) =T, sinc® ( fT;)

D S(t—kT) %Z&f—k/T)
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2) Fourier transform for a periodic signal
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2T
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3) Basic Fourier transform properties

linearity ax, (1)+bx, (1) | aX,(/)+bX,(f)
time-shift x(t-1t,) X(f)e
scaling x(at) ﬁX (ﬁj
convolution x (8)*x, (1) X, (f)-X,(f)
differentiation %x(t) 27jf X (f)
integration Lox(r)dr )2(75]];)+%X(0)5(f)
duality X(f) x(=f)
modulation x(t)e’* X(f-1)
Toion. | L@F @ =[x
modulation x (1) x,(2) X, ()*X,(f)

08/20/03
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* Fourier transform properties

x(#) real signal = RG[X(—f): = RG[X(f)]
Im| X (=/)]=~Im[ X (/)]
X (=) =]x (/)

/X)) =~/ (/)

)
0 >/
/X0
0 >/
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* Example

x(t) =

{00531‘ 2<t<?2

0 ow
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III. Discrete-Time Fourier Transform (DTFT)
Discrete-time signal: x[n] = x(nT))

1) Sampling issues

® Sampling Theorem:

When x(¢) 1s bandlimited with X(f) = 0 for
[f] > 1., then x(¢) is uniquely determined by
its samples x(nT),) if

Js> 2 f
fv=2f, 1s called the Nyquist rate

® Sampling theorem viewed from the frequency
side

X()
-~ A
A/\ > f _fm | fm )f
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® Aliasing

* Definition: Normalized frequency

For x(t) = cos(2nf,t)
==>x[n]= x(nT))
= cos(2nf,nT))

08/20/03 EC2500MPF/FallFY 04

25



08/20/03

o X(eﬂ”f):

2) Basic transform pair property
J27 fon

x[n]ze

X(ejz”f) =

EC2500MPF/FallFY 04
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3) Examples x|n|=cos(27f,nT))
f=1/10Hz T =Is

EC2500MPF/FallFY 04
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« Example:

x[n]zcos(Zﬂfon];), O0<n<N-1
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® Example: x(?)=cos(2nf,nT,)
N=32 Ji=0.17Hz T, =1
(f,= 1/T,= 1 Hz)

.gls ,.q. .............. . ................... ﬂ .........

2 : :

c . ‘

= (1] SETEETERY & SR Fresersenienins ,. ..........................

E :

E L1 SEERRRE BF T - .............. (R T prep e !
nM ;

0.5 1
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IV. Discrete Fourier Transform (DFT)

* Numerically we only have discrete values
for f

* Definition: The R-point DFT X(k) 1s
defined as:

X(k) = X(ejzﬁf )‘f:

EC2500MPF/FallFY 04
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]
wy

[
(=]

DTFT magnitude

Lh

=]

* 1) DTFT X(¢%) for x|n]=cos(27z f,nT,)= cos[

ﬂ .........
f N=32

.......

JoTs =
1Y

e 2) R-point DFT

08/20/03

Frequency

bin

* The DFT of x[n] 1s defined as:

X[k] =X (™)

f=k/R, k=0,-,R-1
A

X[k] is periodic with period =

* DFT Example: assume R = 32 points

s]- sl N=32
o B ity Jo = 11 HZ fy= 64 Hz
7t |

] [ETRISP I Traanaanis [RESETTLL SeRRTRTED :. .....:L.

39971 | Pos0enssasansosetl | 1114

1] 3 10 15 0 25 3

Freaveney index &
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27zf0nj

N

* DFT for x[n]=cos(27 f,nT,)= cos[

X[k] = x (e )\

f=k/R, k=0,-,R-1

Assume f,= 10 Hz; f = 64 Hz; /T =
and R = 32 points

(b) Zrop- fo ....... B i

5...- - TITT PP ..-..-.; ........
& : -ErEH!H!I
5 ple] [ 0 o 10
Freguency imlex k

How do you explain the difference between plots
(a) & (b) ?
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* 3) Varying the number of frequency bins R

Example: X|[7]= %cos (27sz %j + COS(?JZ'fz %),

A N

R=16, f =022Hz, f,=034Hz, f =1Hz

e Plot the DTFT X(&%%)

X(e°7)
A
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Example cont’:

x|n] :%cos(bzfs %)+cos[2ﬂf2 %),

Ky S

R=16, [ =022Hz, f,=034Hz, f. =1Hz

* Plot the DFT X[K]

XTK]
A
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*Varying R Summary; R=[16,32,64,128]

Example: x[n] = %cos (Zﬂ'fs %) + Cos (2%]’2 %j,

R=16  f=022  f,=034

He b Ewjd
# E )
%d ..................... " ...................
:? ........................ sy B, el IF
il ] T ] T f
{Iﬂ 5 HF 15 ;ﬂ 0.5x i i g
k hnu'rrl.ulln-.:ll.ngulu:l'rgq_umn}-
(a) ()]
Ne & R=32 i TS, K o=

{e}
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* 4) Resolution issues and DFT

N=16; R=128 (128 discrete frequencies

values 1n [0, 27|

----------------------------------------------------------

Bl il
il |l|l|lL.u,f

'] 5 - E
A o
7 o |
T T J'.'I' e .. |
i
FA TN B A

r
SRRy R e

I:Iﬂ

|m

ﬁﬂ Ed 140 liD
k

f, fixed, £=1, f,=0.34 =

a) f, =
=(0.29 => k=
=0.30 =>k=
=(0.31 = k=

b) /,
¢) f,
d) /i

0.28 => k=

e Comments:
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* 5) Application of the DTFT to the
Short-Time Fourier Transform

o 10 200 300 400 500 a0 T

Time index n

00

i -
& 05
& o
205
-1 )
0 50 FLEL] 150 200 LD 150 200 250 300
Time index n : Time index o
1 n 1
£ 05 L 05
£ o £ o
E -0.5 .g-ﬂj
1 -1 )
200 250 D 350 . 400 30 350 404 450 500
' Time index o : Time index n

First 200 samples of a casual chirp signal :ns{man?} with awp = 10w = 103,

Various frames of length 200 samples extracted from the
chirp signal

Note: Need to preserve the time-varying information
of the frequency.

How to do that?
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AR |
300 404 500 a0 700 800
Time index n

First H{I'I[I' samples of a casual chirp signal ms{mﬂnij with wp = 10m x 103,
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o Xem@®9) X (8 x__(1) Keulhl]  Xglb2L] X [k31)

Il l } I
an N=1

- & W N B B W
S R S . T .

t_i]r-il--.--i-- L = g

=]
[
Hﬁdr
=
=1

012 34567809 01112 0

@ (b)

Sampling grid 1n the (f,n)-plane for the sampled STFT
XTFT[k,n], for N=9 & L=4
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